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1. INTRODUCTION 
The nonlinear nonharmon~c motion of an oscillator may be given by the following differential 
equation: 
u” + W% = -pu2, (1) 
/3 and w being constants, with initial conditions 
40) = ao, u’(0) = 0. (2) 
To solve this problem, Shidfar and Sadeghi [I] have given two series solutions. They describe a 
general approach in which the differential equation, rather than the solutions series, is majorized. 
Notice that if we write aa = -u’//?, then 
is a trivial solution of (1) and (2). They gave a series solutions of (1) and (2), which includes (3) 
as a special case. 
By writing 
W= 
u=.zI-~2p, 
the problem becomes 
W4 
21”4-pV2 = -, 
4P 
(4) 
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W2 
v(O) =ao+--, 
w 
d(0) = 0. 
The method of [l] consists of solving equations (4) and (5) in the form, 
(5) 
v(t) =cij+clsinwt+c2sin2wt+cgsin3wt+..-, (6) 
where ci, i = 0,1,2 ,..., are coefficients to be determined by the substitution of (6) in (4). In 
fact, w = x/T, where T is the period of the solution which can be expressed in terms of the 
Weierstrass function p(z,2T, 2T’). So we find that 
W2 
2w2c2 + PC; = 4p 
For n 2 1, the recursion formula for these coefficients are 
(n + l)(n + 2)&+2 = n2cn - 5 2 c&e--T. 
r=o 
(7) 
Equations (5) and (6) imply that cl = 0. Relation (7) yields 
q = 0, c5 =o,.... 
The even order coefficients simply are 
c2 = -2 (W” + UOP) ) 
c4=-&o(W2+aoP) 
c6 = -&a0 (w" +aOP) (t-2) (15-y) -j-$&(w’+a0/3)~, etc. 
The coefficient Q, follows from condition (5). The solution for equations (4) and (5)’ ctin now be 
written as 
Relations of the coefficients and further induction show that czi, i = 1,2,. . . , all vanish for 
a0 = w”/p. So the trivial solution (3) is included in (6) as a special case. 
2. CONVERGENCE OF THE SOLUTIONS 
We now show the convergence of these series. In [I], the following was proven. 
LEMMA 1. The serie (6) solution of equations (4),(5) is absolutely convergent for all t . 
PROOF. We first note that if q, > 0, c2 > 0, and /? < 0, then all coefficients c, in the serie 
expansion (6) are positive. Indeed, we may write 
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( ) 
2 
C(n+ l)(n+Qk+2 = cn2c, - $ cc, 
P 
+ -$ 
?l>O ?I>0 TX>0 
OI 
( 1 
2 
-p Cc, +w2~nc, = --PC: - 2w2c2. 
@O TQO 
(9) 
Since the right-hand side of (9) is finite and ci are positive, the series &O c, converges. 
- 
Following [I], if we put 
cb = Icol, c’l = 0, c; = Ic2l7 
and for n 2 2, 
ch+2 = 
n2 IPI n 
(n + l)(n + 2)” + W2(n + l)(n + 2) r=. cX--T’ c 
then the series Cn,O~k converges. Since Ic,j L CL, it follows that the solution series (6) is 
absolutely convergent, and hence, the series expansion solution of (l),(2) converges for all t. I 
We notice that we may deduce Lemma 1, from a previous result concerning equation (4). We 
have shown that the coefficients verify more general properties. Indeed, we have [2]. 
LEMMA 2. For any positive number E small enough (but E # 0), there exists a positive constant k 
verifying 
k < P3E4~-1/2 
w2 4 
such that the coefficients c, of the series expansion (6) solution of the differential equations (4),(5) 
satisfy the inequality 
k 
IGIl< -* $/2--E 
PROOF. We first notice that Lemma 2 gives an optimal result, because our method does not run 
for e = 0. The coefficients c, of the power series solution satisfy the recursion formula (7). We 
shall prove there exist two positive constants k > 0 and cy > 1, such that the following inequality 
holds: 
for any integer n > 1. Suppose for any n 5 p, we get 1~1 < k/na. In particular, it implies that 
k2 
(p - 1),-l. 
Equality (7) gives 
G+2 = P2 - 2(Plw2)co P-l 
(p+l)(p+2) $- w2(p+!)(p+2) ze,+* 
Thus, if we prove the following inequality: 
p2 - 2(P/w2)co k P k2 k 
(p+l)(p+‘J) p"+ w2(p + l)(p + 2) (p - l),-1 I (P + 2J” ’ 
(11) 
so 
Icp+2/ < 
&* 
(12) 
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Notice that (11) implies that 
P2 - 2(P/w2)cg k 
(p+l)(p+2) p” <gq-G. 
Thus, a necessary condition for (11) to hold is cr < 3/2. Inequality (11) is equivalent to 
k < $P!(P)~P), (13) 
where 
p+l p-l a--l 
f(P) = p - 
( > p+2 ’ 
g(p) = 1 _ (P2 - w~2>co> (P + aa-l 
(P + l)P0 . 
By using MAPLE, we are able to prove that f(p) is an increasing positive function in p. Moreover, 
for any p > 1, f(p) is minorated, 
f(p) 2 ; 4l-O. 
0 
The function g(p) is such that 
pg(p) = p _ (P2 - w~2>co> ((P + 2)/P)*-l 
(IO+ 1) 
is a strictly decreasing and bounded function. More exactly, we may calculate the lower bound 
g(p) > (3 - 2a) 
P . 
Thus, if (3 - 2~) = c > 0, it suffices to choose 
k < ; 473 -2~) 
0 
to inequality (13) holds. 
REMARK. CASE E = 0. Notice that the choice of k depends on (u value. For c1 = 3/2, we then 
prove by MAPLE that the function 
pgcp) = p _ (~2 - (3/2+o)((~ + 2)/~)1/2 
(Pfl) 
is positive and strictly decreasing to 0. While p2g(p) is a bounded function. Moreover, it appears 
that pf(p)g(p) is a decreasing function which tends to 0 when p tends to infinity. Thus, our 
method fails, since it does not permit us to determine a nonnegative constant k. 
Following [l], it is interesting to write the power series solution for the system (4),(5), 
w(z) = 2 b,P. (14) 
n=O 
We find again that 
b2p+1 = 0, p = 0, 1,2,. ‘*, 
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while 
bo=ao+$. 
2b2+&=$, 
T-=7& 
(n + 2)(n + l)hz+2 = -P c ~&l-r, 
r=o 
where n is even and nonzero. 
The coefficients b+ p = 0, 1,2,. . . , again vanish for a0 = -w2/p. We may verify that solutions 
(6) and (14) are identical. 
The latter method permits us to compare approximate solutions of the anharmonic motion of 
the oscillator. 
3. AN’OTHER DIFFERENTIAL EQUATION 
We now examine the following differential equation: 
u” + w2u = --pu3, 
p and w being constants, with initial conditions 
40) = a0, u’(0) = 0. 
We put v = u/a0 and t = wx. We then obtain from (15) and (16), 
2 
~+v+pv3=0, v(0) = 1, v’(0) = 0, 
where p = pal/w. 
Shidfar and Sadeghi [3] solved (17) by a series method in sinus power 
(15) 
(17) 
v(t) = ~0 + cl sin wt + cz sin2 wt + c3 sin3 wt + . . - . 08) 
Here, w = r/T where T is the period of the solution, which can be expressed in terms of the 
Jacobi function sn(z, 2T, 2T’). 
so, 
~0 = aa. 
For n 2 1, we get the recursion formula 
(n + l)(n + 2)%+2 = n2c, - $kE c,c&C-l?Z-,. 
r=o m=O 
Under some conditions, they proved estimates of the coefficients 
where l/R is a radius of convergence. 
In fact, we may prove an analog of Lemma 2 for this equation. Indeed, we have 
(19) 
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n-2 n--r n-2 
[ 
n-r-l 
c ~c?ncr%-m-r= cc?. 2co%-,f c &Lcn-m--T 
r=2 m=O r=2 m=l 1 
n-2 
< CIC~l 
r=2 [ 
2lco~-~l+ (n _."" 1>,_1 1 
n-2 n-2 
< 2cok2 c ’ 
r=2 @(n - T>” 
+ k3 c 
1 
r=2 F(n - r - 1),-i 
2 k3 
< (n:T$-l + (n _ qa-1. 
Finally, 
k 
Ic,+zI < - 
(P + 2)ff ’ 
as soon as the nonnegative constant k satisfies the inequality 
k 2cok2 
-+- na-2 na 
3cok2 k3 (n + 1)k 
(n - 2)+l + (n - 2)‘y-1 < (n + 2)a-1. 
2 
$=T+ (;-t23,caY-? + 
2co+2coc1 @+I) 
(n - 1)” < (n + 2)a-1’ 
By using MAPLE, we verify it is possible to find a such constant. Moreover, we find again the 
necessary condition cx 2 3/2, since we get l/nam2 < (n + l)/(n -t- 2)&-l. 
GENERAL REMARKS. It is well known from the theory of elliptic functions that solutions of 
equations (4) and (17) are related. This allows us to express the series expansion of the solution 
of (17) from a series expansion of a solution of (4) and conversely. Indeed, one has 
b2 
p(2) = c - - 
sn2(6z) ’ 
where p(z) is the elliptic Weierstrass function and sn(u) is the Jacobi function, 6 is a constant, 
only dependent on the initial parameters. Notice that series expansion of the sn(u) in sinus power 
was given in a previous paper (see Proposition 2.1 in [4]). 
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